We have investigated the dynamics of particles in the vicinity of a static spherically symmetric black hole in f (R) gravity. Using the Euler Lagrange method the dynamical equations of a neutral particle are obtained. Assuming that the particle is initially moving in the innermost stable circular orbit, we have calculate its escape velocity, after a collision with some other particle. The conditions for the escape of colliding particles are discussed. The effective potential and the trajectories of the escaping particles are studied graphically. * Electronic address: bushra.majeed@sns.nust.edu.pk † Electronic address: mjamil@sns.nust.edu.pk 2
I. INTRODUCTION
Observations of Cosmic Microwave Background (CMB) and Supernova type Ia (SN Ia) [1, 2] indicate that our universe is in the phase of accelerated expansion. There are some modifications in the general relativity which explain this expansion phenomena. Dark energy is one of the well known proposals for explaining the expansion behavior, but the modifications coming from the vacuum energy in quantum field theory, result in a huge amount energy, much larger than the required for observed expansion rate. It is contended that these modification do not obey the weak equivalence principle [3, 4] . One of the modified theory is f (R) theory of gravity [5] [6] [7] [8] [9] [10] , it explains the accelerated expansion of the universe. There are a lot of valid reasons because of which f (R) gravity has became one of the most interesting theory in this era. It is an extension/ modification in the Einstein's general relativity. The R stands for the Ricci scalar and f (R) is an analytic function of R (for review see [11] [12] [13] ). It is one of the most studied modified theory of gravity, having astrophysical consequences [14, 15] . It is important and interesting to study the astrophysical phenomenon in f (R) gravity.
Dynamics of particles around black holes in the theory of relativity has been studied widely.
Motion of test particles give information about the gravitational fields of the objects experimentally and the observations are compared with the predictions [16] [17] [18] [19] . Presence of magnetic field also effects the motion of charged particles around the black holes [20, 21] . It transfers energy to the moving particles, in the geometry around black holes, and helps them to escape to spatial infinity [22, [24] [25] [26] [27] . Weakly magnetized black holes have magnetic field around them [28] , it is because of plasma around the black holes [29] [30] [31] . Geometry of the black hole is not effected by a weak magnetic field, with strength B ∼ 10 4 − 10 8 ≪ 10 19 Gauss. But it has considerable effects near horizons of the black holes.
The geometrical structure of the spacetime around a black hole could be understood better by studying the dynamics of particles in its vicinity [19, 32] . In literature many aspects of particles motion in the vicinity of black holes have been studied. In [33] dynamics of charged particles in the geometry of weakly magnetized naked singularity, Janis-Newman-Winicour (JNW) spacetime, has been studied. Dynamics of charged particles in the vicinity of a magnetized five dimensional rotating black hole has been studied by Kaya [34] . Dynamics of particles around magnetized black holes in the modified gravity are studied in [35] . Banados, Silk and West (BSW) proposed that rotating black holes may act as particle accelerators [36] . Dynamics of particles and the phenomena of high energy collision of particles in the centre of mass energy frame, is studied in [37] . In [38] the spatial regions for the circular motion of the neutral and charged test particles around the ReissnerNordström black hole and the naked singularities have been studied. The BSW effect in the vicinity of slowly rotating black hole in Horava-Lifshitz gravity and a 3+1 dimensional topological black hole has been studied [39] . Critical escape velocity of charged and neutral particles moving around the weakly magnetized Schwarzschild black hole [40] , slowly rotating Kerr black hole immersed in the magnetic field [41] , the weakly magnetized Reissner-Nordström black hole [42] and in the vicinity of a Schwarzschild-like black hole in the presence of quintessence and magnetic field [43] have been studied.
In this paper we have discussed the dynamics of particles in the geometry of a static, spherically symmetric black hole in f (R) theory of gravity. The phenomenon of collision between the particles in the vicinity of the f (R)-BH, following the approach of Zahrani et. al. [40] has been studied. The circumstances under which the particle can escape to infinity after collision are studied. The order of the paper is as follows: In section II we discuss the metric for a static spherically symmetric black hole in a particular model of f (R) gravity and the escape velocity of a neutral particle is obtained. Behavior of effective potential and trajectories of the escaping particles are plotted in section III. In section IV trajectories for the escape energy and the escape velocity of the particle are presented. For simplicity we restrict these calculations for the particle initially moving in the equatorial plane. The metric signature is (−, +, +, +) and c = 1, G = 1.
II. DYNAMICS OF A NEUTRAL PARTICLE IN f(R) SPACETIME
We discuss the motion of a neutral particle near black hole in f (R) gravity. Metric of the
where
here M is the mass and Q is electric charge of the black hole, β = α/d ≥ 0 is a constant [44] , with d as a scale factor and α is a dimensionless parameter. Dynamics of the particle can be studied by using the Euler Lagrange equations
where D/dτ represents the covariant derivative of the metric and u µ is the four velocity of the particle, with normalization condition u µ u µ = −1. There are two symmetries of the black hole metric along the time translation and rotation around symmetry axis. The corresponding conserved quantities (total energy E and specific azimuthal angular momentum L z ) can be obtained from the Killing vectors
here ξ µ (t) = (1, 0, 0, 0) and ξ µ (φ) = (0, 0, 0, 1). The energy of the particle is
here dot denotes the differentiation with respect to proper time τ . Specific total angular momentum of the particle is
here v ⊥ ≡ −rθ o , andθ o denotes the initial angular velocity of the particle. From the normalization condition u µ u µ = −1, the r component of velocity vector iṡ
here
since r > 0 and real so for the physically suitable regions r should satisfy E 2 ≥ V eff . The metric is spherically symmetric so we consider the motion of the particle in the equatorial plane, θ = π/2.
For the planer motion choseθ = 0 and the effective potential becomes
Now we investigate the properties of the effective potential. For the motion of a particle in the exterior of black hole, r must always be greater than zero. The minimum distance from the black hole at which a particle orbits around it is known as the innermost stable circular orbit (IMSCO), r o , which could be obtained by solving V eff for its extreme values, i.e. the root of dV eff /dr = 0.
The equations which determine the IMSCO are
and
Energy and the azimuthal angular momentum in the IMSCO are
Depending on the energy E and the angular momentum L z of the particle, one can determine nature of its orbit around the black hole, it also depends on the cosmological constant Λ and value of constant β. Consider that the particle initially moving in the IMSCO collides with a particle, coming from infinity (initially at rest). The collision may cause the particle to have the following possible outcomes of its motion: (i) a bounded orbit (ii) captured by the black hole (iii) escape to infinity. Collision of the particles changes the equatorial plane of the moving particle but since the metric is spherical symmetric so all the equatorial planes are similar. We assume that the collision occurs in such a manner that a small change occurs only in their energies while the azimuthal angular momentum and the initial radial velocity do not change. So the orbit of the particle refines slightly and only the change in energy will be counted for determining the motion of the particle after collision. These condition are imposed because otherwise the particle would move away from the original path which will cause the particle to be captured by the black hole or escape to infinity. Particles gains an escape velocity (v esc ) = v ⊥ in the orthogonal direction of the equatorial plane after collision [48] and its momentum and energy (in the new equatorial plane) are
here V esc ≡ −rθ o . Further
with E o , given in Eq. (13).
After collision, the particle gains greater angular momentum and energy as compared to before collision. From Eq. (16) it is clear that in the asymptotic limit (r → ∞), for unbounded motion (escape) particle requires E ≡ E new ≥ 1 . Hence for escape to infinity the necessary condition is
we have solved equation (16) taking E new ≥ 1.
III. BEHAVIOR OF THE EFFECTIVE POTENTIAL AND TRAJECTORIES OF ESCAPE VELOCITY
Effective potential of the moving particle help us to analyze its stable and unstable circular orbits. Dynamics of the particle, given byṙ 2 = E 2 − V 2 eff is possible only if E 2 − ≥ V 2 eff . For the particle, moving radially towards the black hole, the geodesics can be obtained by using (5) and (8) together with zero angular momentum, L = 0,
A better understanding of the geodesics can be obtained by ploting the geodesics equation in (t, r)-coordinates [39] . Since the metric contains the horizons, (coordinate singularities), these singularities do not allow us to find the full ploting of the geodesics so one need to move in some non-sigular coordinates system as done in [45, 46] . The particle can have circular orbit at those r where V eff attains it maximum and minimum values. The circular orbits are stable at the position where V eff is minimum and for the maximum value of V eff the circular orbits are unstable. At
dr 2 = 0 ,the point of inflection i.e. the marginally stable orbit occur. and Λ is plotted. It is observed that for the larger values of L, the particle has high effective potential. The effective potential has relative maxima in the surrounding of black hole horrizon, it corresponds to the unstable orbits. The escape velocity is plotted in Fig. (2) . It is clear from the figure that as values of the metric parameters, Λ and β, change the behavior of the velocity of the particle, required to escape, also changes. It shows that the particles can have a maximum or minimum escape velocity depending upon the nature/value of these parameters.
IV. CENTER OF MASS ENERGY OF THE COLLIDING PARTICLES
The collision energy of two neutral particles of masses, m 1 and m 2 falling freely coming from infinity, initially at rest is studied in this section. Consider the particles are in the equatorial plane and collide near the black hole at some distance r from the event horizon of the black hole. Since the i-th particle has 4-momentum as
where u µ i , P µ i and m i are the 4-velocity, 4-momentum and rest mass of the ith particle. The center of mass frame for some particle is the one in which its total 4-momentum has zero spatial component. For the colliding particles, the energy measured by an observer who is at rest with respect to the center of mass frame is called the center of mass energy (CME). The phenomenon of arbitrary high CME is a purely relativistic phenomenon and serves as an excellent tool to study the high energy astrophysics. Let us consider that two neutral particles collide in the surrounding of the black hole, the collision energy of the particles (m 1 = m 2 = m o ) in the center of mass frame is is defined as [47] 
is the 4-velocity of each of the particles. Using Eq. (20) along with Eqs. (5), (6) , and (8), the CME of the neutral particles comes out,
CME of the particles near the horizons, r + and r − , can be calculated by taking 1− 
here r h represents the horizons. Notice that the CME would become infinite if one of the particles has infinite angular momentum, but to reach the black hole the particles must have some finite value. Hence the CME of the colliding particles in the geometry of f (R) black hole, given in Eq.
(23), remains finite.
V. SUMMARY AND CONCLUSION
We have considered the phenomena of particles collision in the vicinity of a static spherically symmetric black hole in f (R) gravity, written as f (R)-BH. When a particle moving in the innermost stable circular orbit (IMSCO) strikes with some other particle, which is initially at rest and coming from infinity, it may get captured by the black hole, or escape from the black hole and go to infinity or keep on orbiting around the black hole. In the later case as well the particle finally gets captured by the black hole. The final state depends on the energy of the colliding particles. We have derived the velocity required for escape of a neutral particle initially moving in the IMSCO when it strikes with some other particle. Dynamics equations for a neutral particle are discussed, the energy and the azimuthal angular momentum of the particle are calculated. We find out the conditions on the energy of the particle required to escape or to remain bounded in orbit. Expression for the escape velocity of a neutral particle moving around the f (R)-BH, is derived and the behavior is observed graphically. The Fig. (2) shows that changing the metric parameters, Λ and β, behavior of the escape velocity also varies, hence a particle can have maximum or minimum escape velocity depending upon these parameters. Behavior of the effective potential is also studied graphically, the angular momentum of the particle effect the behavior of its effective potantial, greater the angular momentum more unstable orbit of the particle is observed.
The calculations for the centre of mass energy of the colliding particles show that it remains finite at the horizon of the black hole. Hence an infinite energy can not be obtained from this collision phenomenon in the f (R)-BH.
